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Abstract: In this paper, we find the fractional Fourier series expansion of two type of fractional trigonometric
functions based on Jumarie’s modified Riemann-Liouville (R-L) fractional calculus. A new multiplication of
fractional analytic functions plays an important role in this paper. The main methods we used are fractional Euler’s
formula and the fractional power series expansion of complex fractional analytic function. On the other hand, two
examples are provided to illustrate our results.
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I. INTRODUCTION

Fractional calculus originated in 1695, almost at the same time as traditional calculus. However, despite the initial
contributions of important mathematicians, physicists and engineers, fractional calculus has attracted limited attention and
is still a pure mathematical exercise. Fractional calculus has developed rapidly in mathematics and applied science in the
past few decades. Now it is considered as an excellent tool to describe complex systems, involving long range memory
effects and non local phenomena. Fractional calculus is a branch of mathematical analysis, which studies several different
possibilities of defining real order or complex order. Fractional calculus is very popular in many fields such as mechanics,
dynamics, modelling, mathematical economics, viscoelasticity, biology, electrical engineering, and so on [1-10]. However,
the definition of fractional derivative and integral is not unique. Commonly used definitions include Riemann-Liouville (R-
L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, and Jumarie’s
modified R-L fractional derivative [11-14].

In this paper, based on Jumarie type of R-L fractional calculus, we find the fractional Fourier series expansion of the
following two type of a-fractional trigonometric functions:

(=72 + (=73 + 1)cos,(0N)]Q[r* + r2 + 1 + (2r3 — 21)c05,(6%) — 2r%c05,(20%)]® 1, (D)
[(r3 4+ 12)sin, (N)]R[r* + 1% + 1 + (213 — 2r)cos,(0%) — 2r%cos,(20%)]® 1. 2

Where 0 < a < 1, and r is any real number. A new multiplication of fractional analytic functions plays an important role
in this paper. The main methods we used are fractional Euler’s formula and the fractional power series expansion of complex
fractional analytic function. In fact, the fractional Fourier series expansion of the above two types of fractional trigonometric
functions are generalizations of the Fourier series expansion of trigonometric functions in traditional calculus. On the other
hand, some examples are given to illustrate our results.

Il. PRELIMINARIES
First, the fractional calculus used in this paper and its properties are introduced below.

Definition 2.1 ([15]): If 0 < a < 1, and 6, is a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

__ 1 d 8 f)-f(60)
(0, D) f(O)] = T mae Je @-na 9t @)
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And the Jumarie’s modified R-L a-fractional integral is defined by

a 0 f@
(9019 )[f(g) @ fgo 014 dt, (4)
where I'( ) is the gamma function.

Proposition 2.2 ([16]): If «a,B,6,, C are real numbersand g = a > 0, then

(8,D8)[(0 = 00)°] = ;2202 (6 = 60)F~, (5)

and

(6, 08)[C] = 0. (6)
Next, we introduce the definition of fractional analytic function.

Definition 2.3 ([17]): Assume that 8, 8,, and a,, are real numbers for all k, 8, € (a,b), and 0 < a < 1. If the function

fx:la, b] = R can be expressed as an a-fractional power series, that is, £, (0%) = Y5 Om(e 8o)** on some open

interval containing 6, then we say that £, (8%) is a-fractional analytic at 8,. In addition, if f,: [a, b] — R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional
analytic function on [a, b].

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.4 ([18]): Let 0 < a <1, and 6, be a real number. If f,(6%) and g,(6%) are two a-fractional analytic
functions defined on an interval containing 6, ,

(69 =3 (6 — 80 = Ty % (2 (0 - 8)) ™
fa k= 01"(ka+1) 0 k=041 \ra+1) 0 '
ka 43 1 a ®k
9a(0%) = B mis (0 = 00« = Tio 2 (i (0 - 60)%) ®)
Then we define
fa(0%) ® go(6%)
ka ka
= = 0F(ka+1) (6 — 60)™ ® Xi 0F(ka+1) (6 — 6o)
P k
= oty (Zmo () ak-mbm ) (6 = 6)*. (9)
Equivalently,
fa(6%) & g (69)
_ v 9k o bk ®k
_Zk:‘)k (F(a+1) (6 — 60)° ) ®Zk=0k (F(a+1) (6 — 60) )
o k ®k
= S0 (o (1)) akmbm) (7 (0 = 0009) - (10)
Definition 2.5 ([19]): If 0 < a < 1, and @ is any real number. The a-fractional exponential function is defined by
a © gka _ © 1 1 « Rk
Eq(6%) = Xk [(ka+1) Zk:oﬁ(r(au) o ) ) (11)

In addition, the a-fractional cosine and sine function are defined as follows:

@ _ v (_1)k92ka  ow -1k 1 « ®2k
c0s(6%) = Xi=o r(2ka+1) Lk=o (2k)! (r(a+1) ) ’ (12)
and
) @ o (-1)kg@k+Da o (-1)k 1 o ®(2k+1)
5ing(6%) = Y=o I(k+Da+1)  “k=0 41y ([‘(a+1) ) ) (13)
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Proposition 2.6 (fractional Euler’s formula): Let 0 < a < 1, 6 be a real number, then
E,(i6%) = cos,(0%) + isin,(6%) . (14)

Definition 2.7: Suppose that 0 < @ < 1, and £, (6%), g,(8%) are two a-fractional analytic functions. Then (£, (9“))®" =
f(0%) ® -+ £, (6%) is called the nth power of f,(6%). On the other hand, if f,(6%) ® g,(0%) =1, then g,(6%) is

called the ® reciprocal of £, (%), and is denoted by (£, (9“))®_1.

Definition 2.8 (fractional Fourier series) ([20]): If 0 < a < 1, and £, (6%) is a a-fractional analytic function at & = 0 with
the same period T, of E,(i6%). Then the a-fractional Fourier series expansion of f, (6%) is

%ao + Yhe1 05, (kO%) + by sin, (k6%), (15)

[ ao=1 (B9,

where ! a, = Tz—a( ol £ ) [f2(6%) @ cos, (kD)) (16)
(b = = (ol ) fe(6%) ® sin, (k6)],

for all positive integers k.

Definition 2.9: Let0 < a <1, i =v—1, and f,(6%), go(0%), p(0%), q,(6%) be a-fractional real analytic at 6 = 6,,.
Let z,(0%) = f,(0%) + ig,(0%) and w,(0%) = p,(0%) + iq,(6%) be complex analytic at 8 = 6,. Define

Za(ga)®wa(9a)
= (£,(69) +i g,(69))®(pa(8%) +i q,(6%))
= [f,(69)®p(0%) — 9,(6)Rq,(6M)] + i[f(6)®q(6%) + g, (0¥)Qp,(6%)]. (17

I11. RESULTS AND EXAMPLES
To obtain the main result in this paper, the following lemma is needed.

Lemma 3.1: Suppose that 0 < @ < 1, and z,(6%) is a complex a-fractional analytic function, then

®21®-1 o o\ O
2a(0)®[1 = 2,(67) = (22(6) ] =5 a(2a(69)"" . (18)
k k
Where {a;}r-, is Fibonacci sequence, that is, a; = %[(1%@) — (1_7‘/3) ]for all positive integers k.
Q-1
Proof If z,(69)® [1 — 2,(6%) — (2.(8)| = ¥ ai(za(69))™", then
[1 - 267 = (2(6) %] @ Zzo ar(22(6%) " = 2(6%) (19)
Thus,
%70 @i (2(09) % — 50 (22 (69) ™™ = N7 4y (2(6) T = 2,(6%). (20)
And hence,
ay=0,a,=1,and ap_, + a4 = a,forall k > 2. (21)

Therefore, {a; }7=, is Fibonacci sequence. Q.e.d.

The following is the major result of this paper.
Theorem 3.2: If 0 < a <1, and r is any real number, then

[=7% 4+ (=12 + 1)co5,(89)]Q[r* + 2 + 1 + (213 — 21)c0s,(0%) — 2r?cos,(26%)]® 1

= Zf=171§ [(14,2_@)" - (l_Tﬁ)k] r¥cos, (k6%). (22)
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And
[(3 + 1)sin, (0%)]Q[r* + 2 + 1 + (213 — 21)c05,(6%) — 21r%c05,(26%)]® 1

—ye L [ 1+«/— (1_7\/5)’(] rksin, (k6%). (23)

Proof In Theorem 3.1, let z,(6%) = rE,(i6%). Then by fractional Euler’s formula, z,(6%) = rcos,(0%) + irsin,(6%).
Using Theorem 3.1 yields

T = s (i)™, (2

rE(0)®[1 - 1E,(i8%) — (rE,(i6%))
where {a;}5-, is Fibonacci sequence. And hence,
(rcos. (%) + irsing (89))®[(1 — rcos,(8%) — r?c0s,(260%)) — i(rsing (6%) + rzsina(ZB“))]®_1
= Yo agr¥cos, (kO%) + i+ Yo, apr¥sing (k6%). (25)
Thus,
(rcos,(8%) + irsina(e"‘))®[(1 — 105,(0%) — 12c05,(20%)) + i(rsin, (6%) + rzsina(ZH“))]

®_
® [(1 —1rcos,(8%) — rzcosa(ZH“))®2 + (rsing (6%) + rzsina(ZH“))®2] '

= Yv  agr¥cos,(kO%) + i+ ¥, apr¥sing (k6%). (26)
Therefore,
(rcosg(8%) + irsing (09))®[(1 — rcos,(8%) — r2c05,(20%)) + i(rsing (8%) + r2sin, (26%))]
Q1+ 7% +r*+ (2r3 — 2r)cos,(0%) — 2r?cos,(26%)]® 1
=Y agr¥cos, (kO%) + i+ Yo, axr¥sing (k6%). (27)
So, we obtain
rcosa(e"‘)®[(1 —1c0s,(0%) — rzcosa(ZB“))] — 1r5ing, (0%)Q[rsin,(8%) + r2sin,(20%)]
Rr* +7r2 + 1+ (2r3 — 2r)c0os,(0%) — 2r%c0s,(20%)]® 1 = ¥, apr¥cos, (k6%). (28)
And
17c05,(0%)®[rsing (%) + r2sing(209)] + 15ing (09)Q[(1 — rcos,(8%) — r?cos,(26%))]
QIr* +7r2 + 1+ (2r3 — 2r)co5,(0%) — 21r%c05,(20%)]® 1 = ¥¥_, apr¥sing (kO%). (29)
Finally, we get

[=12 + (=73 + 1)c05,(09)]R[r* + %2 + 1 + (213 — 21)c05,(6%) — 21r%c05,(26%)]® 1

= Yr= 1\/—[ 1+\/— (i—ﬁ)k] r¥cosq (k6%). (30)
And
(3 + 72)sing, (09)]Q[r* + 12 + 1 + (2r3 — 2r)c05,(8%) — 21%c0s,(26%)]® 1

— 3 L [ 1+«f (%E)k] rksing, (k6%). (31)
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Finally, we provide two examples to illustrate our results.

Example 3.3: Let0<a <1,andletr = g in Theorem 3.2, then we obtain

133

®-1
20 (24 § (04
TERET cos,(6%) — 5 cos, (26 )]

[—g + %cosa(e”‘)] ® [

=55 (D) - (59 ] ©) cosutko. (32)

Ifr= —% in Theorem 3.2, then

sina 9]0 2+ 2eos 0~ ey 2om)]

= 55 () - (5] (-2)" simates @

IV. CONCLUSION

In this paper, we evaluate the fractional Fourier series expansion of two type of fractional trigonometric functions based on
Jumarie’s modified R-L fractional calculus. The major methods used in this article are fractional Euler’s formula and the
fractional power series expansion of complex fractional analytic function. Moreover, a new multiplication of fractional
analytic functions plays an important role in this article. In fact, the fractional Fourier series expansion of the two types of
fractional trigonometric functions are generalizations of the Fourier series expansion of trigonometric functions in ordinary
calculus. In the future, we will continue to use these methods to solve the problems in fractional calculus and fractional
differential equations.
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